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nerowicz, and Sternheimer [1] , .











Deflnition 1.1. $M$ , $C^{\infty}(M)$ Poisson , $C^{\infty}(M)$
$\{\cdot, \cdot\}:C^{\infty}(M)xC^{\infty}(M)arrow C^{\infty}(M)$
$\{f,g\}=\{g, h\}$
$\{f, \{g, h\}\}+\{g, \{h, f\}\}+\{h, \{f, g\}\}=0$
$\{fg, h\}=f\{g, h\}+\{f, h\}g$
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, $f,$ $g,$ $h\in C^{\infty}(M)$ .
$A$ Poisson Poisson .
Example 1(symplectic ).
$M$ , 2 $\omega=\omega_{ij}dx^{i}dx^{j}$
symplectic .wij $\omega^{ij}$
$\{f,g\}=\omega^{ij}\partial_{i}f\partial_{j}g$
, Poisson . (Jacobi $dw=0$ )
$N$ , $T^{*}N$ symplectic
($N$ , ) .
symplectic , $M=R^{n}\cross R^{n}$ $\omega=dq_{i}\wedge dp^{1}$ ,
$(q,p)\in \mathbb{R}^{n}\cross \mathbb{R}^{n}$ , Poisson $\{q_{i},\dot{\not\simeq}\}=\delta_{1}^{j},$ $\{q_{i}, q_{j}\}=$
$\{p^{i},p^{j}\}=0$ .
Example 2 (Lie Linear Poisson ).
Lie $\mathfrak{g}$ , linear Poisson Poisson
$\{f,g\}(\xi)=\langle\xi, [df, dg]\rangle$ , $f,g\in C^{\infty}(\mathfrak{g}),\xi\in \mathfrak{g}^{*}$ .
, $\mathfrak{g}$ $\xi_{i}$
$\{f,g\}(\xi)=C_{\mathfrak{i}j}^{k}\frac{\partial f}{\partial\xi_{i}}\frac{\partial g}{\partial\xi_{j}}\xi_{k}$







( ?) , Poisson $\mathcal{A}$ ,
Poisson ,
. , $f,$ $g\in C^{\infty}(M)$ , $\hslash$
$f*g=fg+o(\hslash)$
$f*g-g*f=i\hslash\{f,g\}+o(\hslash^{2})$
$*$ (star-product ) , .
De tion 1.2. $A$ Poisson , $A$ $\lambda$
$\mathcal{A}[[\lambda]]=\{\sum_{0\leq}f_{i}\lambda^{:}|f_{i}\in \mathcal{A}\}$ . Poisson $\mathcal{A}$ , $A$
, $(\mathcal{A}[[\lambda]], *)$ :
1. $\lambda$ $*$ , $f\in \mathcal{A}$
$\lambda*f=f*\lambda=f\lambda$ .
180
2. $C_{k}(\cdot, \cdot)$ : $\mathcal{A}x\mathcal{A}arrow A$ , $f.g\in \mathcal{A}$
$f*g=fg+ \frac{1}{2}\{f,g\}\lambda+C_{2}(f,g)\lambda^{2}+\cdots+C_{k}(f,g)\lambda^{k}+\cdot..$
.
$\lambda=0$ , $*$ . *
. $\hslash$ 1 $\{\cdot, \cdot\}$ , .
( +Poisson ) , , $\lambda$
$*$ , $\lambda=0$ ,
$P(f,g)= \frac{1}{\lambda}(f*g-g*f)|_{\lambda=0}$






($C_{1}=\{\cdot,$ $\cdot\}/2$ ). $k$ $C_{\epsilon},$ $(s<k)$ ,
$C_{k}$ . ,
.
$Th\infty rem1.1$ (Symplectic [5, 13, 6]). sympkdic
Poisson . , $C_{k}$
, Poisson .
.
Definition 1.3. Poisson $A$ $**’$ , $\mathcal{A}[[\lambda]]$
$T=I+T_{1}\lambda^{1}+\cdots+T_{k}\lambda^{k}+\cdots\prime T_{k}$ $\mathcal{A}$ ,
$T(f*g)=Tf*’Tg$, $f,g\in A$
.
$Th\infty rem1.2$ ( [12, 3]). symplectic $M$
, $M$ 2 de Rham $\lambda$
parametrize .
Lie $G$ Poisson $\mathcal{A}$ , $G$
, .
Theorem 1.3. $G$ symplectic $M$ $*$ $G$
,
$a(f*g)=(af)*(ag)$ , $f,g\in \mathcal{A},a\in G$
, $G$ symPlectic $\omega nnoetion$




Example 3(Moyal-(-Weyl) product). $(M=\mathbb{R}^{2}, \{q,p\}=1)$
$u,v\in \mathbb{C}^{\infty}(M)$ ,
$u*v=uv+\frac{\lambda}{2}\{u,v\}+\cdots+\frac{1}{k!}(\frac{\lambda}{2})^{k}\{\cdot, \cdot\}^{k}(u,v)+\cdots$
, $\{\cdot, \cdot\}^{k}$ $\{\cdot, \cdot\}$ .
$q,p$ Weyl 1
. $u,$ $v$ $q,p$ ,
,
$q*p=qp+ \frac{\lambda}{2}\{q,p\}(+0+\cdots)=qp+\frac{\lambda}{2}$ .
Example 4 (Fedosov $type[6]$ ). $(M,w)$ symplectic , $\Gamma$ symplectic
connection (i.e. $\omega$ connection), $\tilde{w}$ $\omega$ (i.e. $\tilde{w}=\omega+$
$\lambda w_{1}+\cdot.$ . $\in\Lambda^{2}(M)[[\lambda]]$ , &\tilde$\ovalbox{\tt\small REJECT}=0$) . Fedosov \omega \mbox{\boldmath $\mu$}StlCtiOn ,
Moyd product ,
$*$ $M$ . , ( ) $M$ , Fedosov
$constn\iota ction$ .
, $M$ Lie $G$ 7 $\tilde{\omega},$ $\Gamma$ $G$- , $*$ $G$
.
symplectic Poisson
Example 5 (Gutt product[9]). Lie $\mathfrak{g}$ , $M=g^{*}\simeq \mathbb{R}^{n}$ (2)
Poisson . , Gut product
. $g$ universal envelopping algebra $\mathfrak{U}(g)$
Poly $(g^{*})$ .
poly $(g^{*})[[\lambda]]\otimes poly(g^{r})[[\lambda]]arrow^{s_{G}}poly(\mathfrak{g}^{*})[[\lambda]]$
$w_{\Phi}w\downarrow$ $\downarrow W$ ( $W\epsilon yl$ ordering)
$u(\mathfrak{g}_{\lambda})\otimes \mathfrak{U}(\mathfrak{g}_{\lambda})$ $rightarrow^{.}$ $\mathfrak{U}(\mathfrak{g}_{\lambda})$






examPle Gutt product ,
) Lie
.
$Th\infty rem1.4$ ( $G$ , [10, 11]). $G$ compact
$semin\dot{m}ple$ Lie . $G$ symplectic $M$
$*$ , $c_{r,j}=c_{0,j}+c_{1,j}\lambda+\cdots$
$(C^{\infty}(M)[[\lambda]],*)\cong(C^{\infty}(\mathfrak{g}^{*})[[\lambda]],*c)/\langle p_{j}-c_{r.j}\rangle$
. $p_{j}$ $\mathfrak{g}$ Casimir .
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2 . . . -



















Poisson $\mathcal{A}$ $(\mathcal{A}[[\lambda]], *)$ $C^{\cdot}$
, $c*$ , ,
.
1. $C^{\infty}(M)[[\lambda]]$ (R\’echet ) , $*$
. , .
2. , $=$ ,
. , spectrum
$\varphi(a)=$ {$\mu\in \mathbb{C}|(a-\mu I)^{-1}$ }
, $*$ . ,
$a=a0+a_{1}\lambda+\cdots\in \mathcal{A}[[\lambda]]$ $*$- $\Leftrightarrow a0$










Theorem 2.1 (G.N.S. ). $\mathfrak{U}$ $*$ - ($\dot{j}.e$ . $involution*$ ) $\varphi$
$A$ . $N=\{a\in \mathfrak{U}|\varphi(a^{*}a)=0\}$ $\mathfrak{U}$




, $\mathfrak{U}$ ? .
$C^{*}$ , spectrum , $a^{*}a,$ $(a\in \mathfrak{U})$






ordered vector space , . ,
.









, Moyal product , $\lambda=i\hslash$ $i\hslash$
, .
, Poisson , $\lambda$
, $\lambda$
.
3 $0*$ Gutt product
$c*$- , ,
7 Lie Poisonn
Gutt $product*G$ , $G$ $c*$ .
3.1 Gutt product Fourier
$X\in \mathfrak{g}$ , $e^{X}\in C^{\infty}(\mathfrak{g}^{*})$





$CH_{\lambda}$ $[X, Y]_{\lambda}=\lambda[X, Y]$ $Cmpbell- Hausdor\theta$
, $P_{0}=1,$ $P_{I}(X,Y,\lambda)$ $X,Y,\lambda$ .





$= \int_{gx\mathfrak{g}x\mathfrak{g}}\hat{u}(Z)\hat{v}(Y)e^{i\{Z+Y-X,\xi\rangle}(P_{I}(Z, Y, \lambda)\xi^{I})dZdYd\xi$
$= \int_{\mathfrak{g}}\sum_{I}(i\partial X)^{I}(P_{I}(X-Y,Y, \lambda)\hat{u}(X-Y)\theta(Y))dY$ .
, $\lambda^{0}$ convolution, $\lambda^{1}$ Poisson Fourier .
3.2 $G$ convolution $\mathfrak{g}$
Lie $G$ convolution , $g$ .
$G$ $g$ ,
.
$G$ Lie , $\mathfrak{g}$ Lie , $G$ Haar , $(\pi, \mathcal{H})$ $G$
.
$\phi\in L^{1}(G)$
$\pi(\phi):=\int_{G}\phi(x)U(x)dx$, (operator Fourier tr. of $\phi$).




$\phi$ , , exp : $\mathfrak{g}arrow G$
$\pi(\phi)=\int_{\mathfrak{g}}\phi(\exp X)U(\exp X)d(\exp X)$









$=l_{x\mathfrak{g}}^{\Phi}(X- Y)\Psi(Y)U(\exp X(\sum_{I}P_{I}(X-Y,Y, \lambda=1)\xi^{I})dXdY$
$=$
$x_{\mathcal{B}}\sum_{I}(i\partial X)^{I}(P_{I}(X-Y,Y, 1)\Phi(X-Y)\Psi(Y))dYU(\exp X)dX$
,
$\Phi\star\Psi(X)U(\exp X)dX$.
, $\Phi,$ $\Psi\in C^{\infty}(g)$ convolution product . ,
. $C^{\infty}(g)$
.
3.3 Gutt produtct convolution
Gutt product Fourier $C^{\infty}(g)$ convolution product
$( \hat{u}*\hat{v})(X)=l\sum_{I}(i\partial X)^{I}(P_{I}(X-Y,Y,\lambda)\hat{u}(X-Y)\hat{v}(Y))dY$
$(\Phi\star\Psi)(X)=$ $\sum_{I}(i\partial X)^{I}(P_{I}(X-Y,Y, 1)\Phi(X-Y)\Psi(Y))dY$,
, Gutt product Fburier $\lambda=1$
.
Gutt product $\lambda=1$ ,
. convolution , $C^{\infty}(\mathfrak{g})$
, .
Example 6 (Heisenberg Lie ). * Lie , $CH$











1. convolution $\star$ , $C^{\infty}(g)$
.




$G$ $(\pi,\mathcal{H})$ , $u(\xi)=e^{lX}(\xi),$ $(X\in \mathfrak{g})$
$\pi(e^{lX})=\pi(\exp iX)$ ,
$\pi(e^{iX}*Ge^{iY})=\pi(\exp iX)\pi(\exp iY)$ .














. , Hdsenberg Lie , $\lambda=i$
, CCR .
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Example 8. $G$ compact semisimple Lie $\mathfrak{g}$ Lie , $\pi$ $G$
. $CH_{\lambda}(X, Y)$ $\lambda$ $X,$ $Y$
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